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Abstract
Although extreme or freak waves are repeatedly measured in the open ocean,
their origin is largely unknown. The interaction of different water waves is
seen as one reason for their emergence. One way to consider nonlinear waves
in deep water is to look at solutions of the nonlinear Schro¨dinger equation,
which plays an important role in the determination of extreme waves. One
specific solution is the soliton solution. Therefore the question arises, how
nonlinear waves behave as they interact or collide.
Using a relaxation pseudo spectral scheme for the computation of solu-
tions of the nonlinear Schro¨dinger equation, the behavior of colliding solitons
is studied. Thereby, different wave amplitudes and angles of collision are con-
sidered. In addition to this, the influence of an initial perturbation by random
waves is studied, which is generated using a Pierson-Moskowitz spectrum.
Keywords: surface gravity waves, random wave interactions, rogue waves,
nonlinear Schro¨dinger equation, disturbed solitons
1. Introduction
The phenomenon of extreme waves was first observed in connection with
ocean waves and has been studied since the seventies of the last century. The
amplitude of these waves exceeds the amplitude of the surrounding waves
by a factor of more than two [1]. Furthermore the behavior of extreme
waves can be characterized by their sudden, unpredictable appearance and
disappearance without any trace. These waves can be accompanied by deep
troughs in front and behind the crest of the wave [2].
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Thereby, extreme waves are a real danger for ships, offshore structures
and all persons present [1]. The appearance of an extreme wave can also
have fatal consequences for ships as well. According to [2], 22 super tankers
sank between 1969 and 1994 with a total of 525 fatalities.
Although it has been a well-documented phenomenon, which has been
intensively studied in recent years, the causes of such waves are widely un-
known. The lack of understanding makes it extremely difficult to predict such
waves. In [1] physical mechanisms such as dispersion, refraction, chaotic be-
havior, Benjamin-Feir instability and soliton wave interaction are mentioned
as possible causes of extreme wave development. More recently, the presence
of random wind forcing was investigated [3].
The characteristic steepness of extreme waves suggests that nonlinearities
have an important influence on the development of extreme waves. The same
result can be concluded from the satellite observations in the wake of the
MaxWave project [1]. These show that extreme waves occur more often than
predicted by the linear wave theory, which was confirmed by experiments at
Marintek [4]. This implies the necessity to consider nonlinear wave theory.
In most problems in offshore engineering, it is sufficient to consider the
nonlinear Euler equations instead of the Navier-Stokes equations [5]. But
the numerical computation of these equations is still very expensive due to
the unknown water surface required as a boundary condition. Therefore, a
further problem reduction is of particular interest. Zakharov [6] has shown
that weakly nonlinear solutions of the one dimensional Euler equations can
be reduced to solutions of the nonlinear Schro¨dinger equation (NLS), which
describe complex wave envelopes.
One solution of the NLS is the soliton solution. Based on the assumption
in [1] that the collision of Solitons could be a possible factor in the develop-
ment of extreme waves, the collision of solitary waves is a point of research.
Thereby, Fedele et. al. [7] have found that smooth solitary waves appear to
interact elastically, but no results are determined for the non-smooth case of
waves which are disturbed by an irregular sea. Therefore, in this work soli-
ton wave interactions in irregular sea states are investigated with focus on
the effect of these disturbances. In this respect, the creation of a disturbed
soliton in a realistic random sea is achieved by the application of the well
known model of random sea waves described in [8, 9] in conjunction with
the soliton solution. This model is basically built on the superposition of
harmonic waves resulting from the linear wave theory.
The work is structured as follows: In section 2 the nonlinear Schro¨dinger
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equation and the soliton solution are introduced, the modelling of the in-
teraction of these solitons is described and the model for the generation of
random ocean waves is presented. Building on this, section 3 evaluates the
collision of solitons in regular seas. These results provide the starting point
for the subsequent analysis of the collision of disturbed solitons in random
seas. Finally, this work ends with a conclusion in section 4.
2. Nonlinear water waves in an irregular sea
As noted above, the time-consuming numerical computation of the Eu-
ler equations motivates a further problem reduction. It can be shown that
weakly nonlinear solutions of these equations can be reduced to a complex
wave envelope which satisfies the nonlinear Schro¨dinger equation. Such a re-
duction can be achieved by means of the method of multiple scales presented
for example in [3]. An initial disturbance finally leads to nonlinear waves in
irregular seas.
2.1. Nonlinear Schro¨dinger equation
The NLS is derived using the multiple scale method, taking into account
terms up to the order O(ε3) with the wave steepness ε 1. The derivation
is shown in [3] in detail and leads to the equation for the case of deep water
iψτ = αψξξ + β |ψ|2 ψ, (1)
where α = ω0
8k2
and β = 1
2
ω0k
2. Additionally, ψ(ξ, τ) ∈ C describes the wave
envelope, ξ = ε(x − cgt) is the scaled spatial coordinate including the deep
water group velocity cg =
ω0
2k
and τ = ε2t is the scaled time. Furthermore, k
is the wave number and ω0 is the frequency of the carrier wave.
According to [10], the evaluation of the free water surface follows in first
order from the NLS by
η(ξ, τ) = Re [ψ(ξ, τ) exp(i(kξ − ω0t))] (2)
and in second order by
η(ξ, τ) = Re
[
ψ(ξ, τ) exp(i(kξ − ω0t)) + 1
2
k [ψ(ξ, τ)]2 exp(2i(kξ − ω0t))
]
.
(3)
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Additionally, the wave period T and the wavelength λ are calculated by
T =
2pi
ω0
, λ =
g
2pi
T 2, (4)
where g is acceleration due to gravity.
For all further examinations, ω0 and k are chosen as ω0 = 1 rad/s and
k = 1/g. Therefore, the coefficients α and β are also determined.
2.2. Soliton solution
With respect to the soliton interaction, it is insufficient to consider a sta-
tionary solution of the NLS. A solution extended by a motion must be taken
into account. According to [11, 12] this soliton solution can be described by
ψ(ξ, τ) = a0sech
[
a0
√
β
2α
(ξ − ξ0 − vτ)
]
exp(i(cξ − wτ)), (5)
c = − v
2α
, w = −αc2 + 1
2
βa20
with the amplitude a0, spatial shift ξ0 and velocity v of the soliton. The
parameters α and β are set by the NLS (1) itself.
The soliton solution in Fig. 1 is shown from two different perspectives and
is characterized by the parameters a0 = 1 m, ξ0 = 500 m and v = −1 m/s.
Figure 1: Analytical soliton solution with amplitude a0 = 1m, spatial shift ξ0 = 500m
and velocity v = −1m/s.
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2.3. Description of random ocean waves
A well-known model of random sea waves is given by the superposition
of harmonic waves with wave numbers κ(ω) and wave frequencies ω corre-
sponding to a one-sided spectral density S(ω), cf. [8, 9]. Common sea spec-
tral densities S(ω) are hereby the JONSWAP spectrum for shallow-water
waves and the Pierson-Moskowitz spectrum for deep-water waves. In the one
dimensional case, beside the amplitude of the waves, the direction of prop-
agation γ has to be taken into account too. In order to obtain an initially
irregular or random wave surface, a random phase shift ε(ω) is added, which
is uniformly distributed in [0, 2pi). With this, an irregular wave surface can
be written as
Z(ξ, τ) =
∫ ∞
0
∫ pi
−pi
cos (ωt− κ(ω)(x cos(γ)) + ε(ω))
√
2S(ω)D(γ)dγdω. (6)
Here, the integral is not a Riemann integral but a summation rule over the
frequencies ω and the directions of propagation γ. The propagation function
D(γ) leads to a scattering of the directions of propagation of the single har-
monic waves. The function D(γ) has to be normalized in the domain [−pi, pi],
i. e. ∫ pi
−pi
D(γ)dγ = 1. (7)
A propagation function D(γ), which is often used, is
D(γ)dγ =
2
γR
cos2
(
pi
γR
(γ − γ0)
)
with |γ − γ0| ≤ γR
2
. (8)
Here, γ0 is the main propagation direction and γR has to be chosen such that
Eq. (7) holds. Under the additional assumption of a long-crested sea state,
this can be further reduced to
Z(ξ, τ) =
∫ ∞
0
cos (ωt− κ(ω)x cos(γ0) + ε(ω))
√
2S(ω)dω, (9)
since all superpositioned harmonic waves have the same direction of propa-
gation γ0.
In the following calculations the Pierson-Moskowitz spectrum is used
which can be described by the significant wave height Hs and the modal
frequency ωm by
SJ(ω) = 0.3125H
2
s
ω4m
ω5
exp
{
−1.25
(ωm
ω
)4}
. (10)
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Using this model, the initial condition of the numerical simulation, de-
scribed by the analytical solution (5), is adjusted to simulate a realistic ir-
regular sea state. This is done by perturbing the solution according to
ψ˜(ξ, τ) = (1 + Θ(ξ, τ)Z(ξ, τ))ψ(ξ, τ) (11)
where Θ(ξ, τ) regulates the amount of perturbation and Z(ξ, τ) is given by
(9). Possible approaches to choose Θ(ξ, τ) are to limit the maximum shaft
displacement or to determine the scaling depending on the local displacement
of the wave envelope.
In all further investigations the scaling factor Θ(ξ, τ) = ψ(ξ, τ)/|ψ(ξ, τ)|,
significant wave height Hs = 0.2 m, modal frequency ωm = 0.25 rad/s and
direction of propagation γ0 = 0 are selected.
Figure 2a shows such a random sea state calculated by means of Eq (9)
and Figure 2b the application to the soliton solution using Eq. (11).
Figure 2: (a) Generated random ocean sea and (b) the corresponding perturbed soliton
solution for τ = 0.
2.4. Soliton interaction
For the study of soliton interaction, the initial conditions are selected
according to Eq. (5). But this equation only describes one soliton. Con-
sequently, a way must be found to combine solitons. For this, the general
approach described in [11, 13] results in the required superposition of single
solitons. Thus, the initial condition for N combined waves is given by
ψ0(ξ) =
N∑
i=1
ψi(ξ, 0), (12)
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whereby ψi(ξ, 0) is determined by Eq. (5). Furthermore, each wave ψi(ξ, 0)
is characterized by its own velocity vi, shift in space ξi0 and amplitude a
i
0.
It is important to ensure that the solitons do not already interact with
each other in the initial condition in order to guarantee that the entire inter-
action behavior takes place in the simulation period. This can be done by a
suitable choice of the spatial shift ξi0 for each wave.
In order to obtain an irregular or random sea state scenario, the initial
condition can be modified using Eq. (11). This leads to the initial condition
ψ˜0(ξ) = (1 + Θ(ξ, 0)Z(ξ, 0))ψ0(ξ) (13)
which is used for the following calculations. Figure 3 shows such an initial
condition for the regular and irregular case calculated using Eq. (12) and
Eq. (13), respectively.
Figure 3: Combined initial condition for two solitary waves for the regular and irregular
sea state.
3. Results
Based on the theory presented in section 2, this section evaluates the
simulations of the soliton interaction. The following simulation results are
generated numerically by a relaxation pseudo spectral scheme described in
7
[3]. The main part of this analysis evaluates the maximum of the wave
envelope amplitude |ψ| during the interaction, i.e.
M = max
ξ,τ
|ψ(ξ, τ)|. (14)
In the following simulations different scenarios are considered, which differ
in wave amplitude and velocity. With regard to the velocities, the magnitude
and the direction are of interest. The focus is primary on the interaction of
two solitons, since according to [14] the simultaneous collision of several water
waves can be assumed as a very unlikely event.
In order to be able to make a general statement about the interaction
behavior in irregular seas, the regular case is considered first, i. e. the case
without any disturbances. Based on the corresponding results, the scenario
with the greatest potential in terms of amplitude development will be an-
alyzed in the irregular case. Due to the stochasticity in the calculation of
random ocean waves in subsection 2.3, an empirical evaluation is of particular
relevance for the irregular sea state.
3.1. Interaction of regular solitons
In order to analyze various scenarios, the initial conditions from Eq. (12)
are adjusted accordingly. In this context the choice of the parameters vi, ξi0
and ai0, which specify the velocities, the shifts in space and the amplitudes
of the particular waves, is of significant importance.
Different soliton interaction scenarios are presented in Figs. 4, 5 and
6, where each solution is shown from two different perspectives. Figure 4
shows an interaction scenario of solitons with equal wave envelope amplitude
and equal velocity but with different directions of movement. In Fig. 5,
however, the amplitudes are adjusted such that a scenario with different
wave amplitudes is considered. In contrast to the previous figures, Fig. 6
provides an insight into an interaction scenario of solitons with the same
amplitude and the same direction of movement, but with different velocities.
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Figure 4: Interaction behavior of solitons with amplitudes a10 = a
2
0 = 1m and velocities
v1 = −v2 = −1m/s with resulting M = 2.0m.
Figure 5: Interaction behavior of solitons with amplitudes a10 = 2a
2
0 = 1m and velocities
v1 = −v2 = −1m/s with resulting M = 1.4915m.
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Figure 6: Interaction behavior of solitons with amplitudes a10 = a
2
0 = 1m and velocities
v1 = 3v2 = −1m/s with resulting M = 1.5717m.
In each scenario considered, a significant rise in the amplitude of the wave
envelope can be observed around the time of collision, but its development
and magnitude depends on the chosen initial condition. As a result, the
presented simulations have indicated that the amplitudes and the directions
of movement of the solitons have a considerable influence on the interac-
tion behavior. Before and after the collision, however, the solitons show an
unchanged course.
Additional simulations presented in Fig. 7 have revealed that when a sce-
nario of two waves moving towards each other is considered, the magnitudes
of the velocities are a negligible factor with respect to the evolution of the
maximal wave envelope amplitude. However, if the solitons have the same
direction of motion, a change in the magnitude of the velocities will result
in different peaks of the wave envelope amplitude at the time of collision. In
general, the peaks in these scenarios are limited by the peak of the envelope
amplitude of the scenario presented in Fig. 4.
While computing the result in Fig. 7a, both magnitudes of the velocities
are varied equally. In contrast to this, Fig. 7b was generated by fixing the
velocity of the inner soliton to v2 = −1
3
m/s, whereas the velocity v1 of the
outer wave was varied.
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Figure 7: Maximal wave envelope amplitude during soliton collision in relation to magni-
tude of the velocity. Figure 7a presents the results of solitons with opposite and Fig. 7b
with the same direction of movement.
With regard to the topic of extreme waves, it can be assumed that sce-
narios of the kind shown in Fig. 4 offer the greatest potential for the creation
of extreme waves. Scenarios of the type shown in Fig. 6 can also produce
comparable peaks of the wave envelope amplitude. In this case, however,
the development of the peaks depends very much on the appropriate choice
of the initial condition, such that the scenarios mentioned in Fig. 4 can be
assumed to be more suitable.
3.2. Interaction of disturbed solitons
The aim of this section is to make general statements about the interac-
tion behavior in an irregular or random sea state. For this purpose the initial
condition of the regular case described in Eq. (12) is modified according to
Eq. (13). The result of this procedure is illustrated in Fig. 3.
The development of disturbed solitons shown in Fig. 8 illustrates the
fundamental difference between the development of solitons in irregular and
regular waves. The constant wave envelope amplitude outside the collision
period, which is characteristic for the soliton, is replaced by an oscillating
behavior in the irregular case. Identical parameters for the initial condition
were chosen for all simulations. This implies that the differences in oscillatory
behavior are generated by the stochastic perturbation according to Eq. (11).
This justifies the importance of an empirical analysis.
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Figure 8: Interaction behavior of disturbed solitons with amplitudes a10 = a
2
0 = 1m and
velocities v1 = −v2 = −1m/s with resulting M = 1.8248m. The corresponding solution
without an initial disturbance can be seen in Fig. 4.
In order to carry out the analysis of the irregular case, the results of
the regular case are considered first. Here it was verified that the scenario
of interaction of two solitons with the same amplitude and same velocity
but with opposite direction of movement offers the greatest potential for the
development of greater wave envelope amplitudes. This information leads
the focus on this scenario in the following analysis.
In order to reduce this analysis further, it is first shown that, despite the
oscillating wave behavior, the time that elapses before the interaction has a
negligible influence on the actual interaction and the resulting wave envelope
elevation.
Since an irregular sea state is considered here, this is shown empirically
in Fig. 9, which presents the maximum wave envelope amplitude during the
interaction as a function of the time elapsing before the interaction. The fig-
ure indicates that the average wave elevation has an approximately constant
value and furthermore that the standard deviation and the extrema of the
maximum wave envelope amplitude are bounded nearly equally for all times.
This leads to the conclusion that the time elapsing before the interaction is
negligible with respect to the expected wave envelope amplitude.
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Figure 9: Maximal wave envelope amplitude during interaction for varying time passing
before the interaction. For each time 88 simulations were performed.
However, the visualization in Fig. 9 only allows statements to be made
about the average and limits of the wave envelope amplitude in irregular sea
states, but no statements can be deduced about a stochastic distribution of
these.
Nevertheless, due to the previous statements, this empirical analysis can
be reduced to only one interaction scenario. For this purpose, the scenario
presented in Fig. 8 is selected. The main focus is again on the maximum
wave envelope amplitude. Therefore, the histogram shown in Fig. 10 rep-
resents the absolute elevation of the maximal wave envelope amplitude that
occurred in the interaction. Thus, this provides insight into the correspond-
ing stochastic distribution. Together with the results from Fig. 11, which
verifies the number of simulations as sufficient, the validity of the histogram
is proven. Furthermore, the distribution of the maximal wave envelope can
be identified as a normal distribution. It should be emphasized here that the
mean value approximately corresponds to the maximal amplitude of the reg-
ular interaction. In addition, Fig. 11b reveals that an increased amplitude
occurs in over half of all simulations.
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Figure 10: Histogram of the maximal wave envelope amplitude during interaction for a
total of 2000 simulations.
Figure 11: (a) Average maximal wave envelope amplitude and (b) percentage with max-
imum wave envelope amplitude above the amplitude of the regular case with respect to
the number of simulations.
Besides the analysis of the interaction itself, a further point of investiga-
tion is the impact of the interaction on the disturbed solitons. At first the
degree to which the interaction affects the movement of the disturbed soliton
is studied.
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This is accomplished by comparing the positions of two disturbed solitons
at the end of the simulation period, whereby one of the waves has undergone
an interaction and the other one has taken an isolated course. From any
other point of view, the waves are chosen identically. The wave position is
characterized by the location of the maximum wave envelope amplitude of
the disturbed soliton. In the following, the scenario shown in Fig. 8 is used,
where in the interaction case the disturbed solitons with negative velocity
is analyzed. For the isolated case the other wave with positive velocity is
eliminated.
In the regular case in Fig. 4, no interaction effect can be determined and
due to the symmetric course, the final position is ξ = 750 m. In contrast,
the empirical results for the irregular case presented in Fig. 12 indicate
that the interaction is most likely to cause a spatial shift in the direction of
movement of the disturbed soliton. However, opposite shifts are also possible,
but rather unlikely. Moreover, the average position of the disturbed solitons
in the isolated case is almost identical to the regular case.
But, according to the scale of the spatial simulation area, all shifts of this
magnitude must be interpreted as minor.
Figure 12: (a) Histogram of disturbed soliton positions for the isolated and interaction
exposed case and (b) the average disturbed soliton position depending on the number of
simulations, for a total of 1000 simulations.
Finally, beyond the impact of the interaction on the spatial displacement
of the disturbed solitonswave, the impact of the interaction on the amplitude
of the wave envelope is investigated. For this purpose, the averaged amplitude
of the disturbed soliton before and after the interaction is compared. The
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average amplitude before the interaction is calculated in the time interval
[0 s, 500 s] and after the interaction in the time interval [1000 s, 1500 s], since
these intervals can be regarded as free of interactions.
The results summarized in Fig. 13a reveal that from a statistical per-
spective and taking the scale of the maximal amplitude into account, the
interaction in most cases has only a very slight influence on the disturbed
soliton envelope amplitude. On average, Fig. 13b identifies the influence of
the interaction by a slight decrease in amplitude.
Figure 13: (a) Histogram of the change in amplitude of the disturbed soliton envelope
induced by the interaction and (b) the average amplitude change depending on the number
of simulations, for a total of 2000 simulations.
4. Conclusions
The analysis of the soliton collision in a regular sea state confirms the
scenario of solitons moving towards each other at the same speed and with the
same amplitude as the scenario with the best potential for the development
of an extreme wave. Thus, the empirical analysis of the collision of disturbed
solitons in a random sea is based on exactly this scenario. For this, we
presented an approach which allows a regular sea to be transformed into a
random sea.
Overall, it can be summarized that the amount of time before the dis-
turbed solitons collide in a random sea makes a negligible contribution to the
development of an extreme wave. Also the examined impact of the collision
on changes in the amplitude and spatial displacement of the disturbed soliton
can be considered insignificant.
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Nevertheless, the application of a realistic random sea state enhances the
development of larger wave envelope amplitudes during the soliton collision
compared to the regular sea state. Although the maximal amplitude for the
regular and irregular state are almost identical on average, the distribution in
the irregular case can be approximately identified as a normal distribution.
Applied to the topic of extreme waves, this suggests that a more realis-
tic random sea state can promote the development of these waves and the
manifestation of their high amplitude.
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